We establish explicit duality transformations for systems of M q-state Potts models coupled through their local energy density, generalising known results for M = 1, 2, 3. The M -dimensional space of coupling constants contains a selfdual sub-manifold of dimension
Over the years, duality relations have played an important rôle in the identification of lattice models exhibiting critical behaviour [1] . Namely, in models for which suitable duality transformations can be deviced, one can usually constrain the search for critical points to the selfdual subset of the parameter space, by invoking the assumption that the locus of the phase transition be unique. A well-known example where this line of reasoning applies is furnished by the q-state Potts model [2] which is found to possess a unique selfdual point, corresponding to a continuous transition for q ≤ 4, and to a first-order transition for q > 4 [3] .
Interestingly, this programme can be extended also to the case of several Potts models coupled by their local energy density. For instance, a system of two coupled models can been shown to be endowed with a line of selfdual points [4] . For q = 2 (the Ashkin-Teller model) where such a coupling presents a marginal perturbation, this gives rise to a halfline of critical points along which the critical exponents vary continuously [1] . On the other hand, for q > 2 where the perturbation is relevant, the model is still integrable, but now presents a mass generation leading to non-critical behaviour [5] .
Very recently, Dotsenko et al. [6] have pointed out that from the point of view of the perturbative renormalisation group the case of two coupled models is rather special, and cannot be expected to represent the generic scenario of M coupled models. Rather, for M > 2 these authors predict the existence of a non-trivial infrared fixed point, which to first order in an ε = q − 2 expansion is situated at interlayer coupling g * ∝ −ε/(M − 2). For M = 3, Ref. [6] puts forward strong numerical evidence that the lattice realisation of this critical point corresponds to an endpoint on the selfdual line, where all coupling constants tend to infinity in some fixed ratios.
In the present publication we wish to assess whether such a scenario of a unique critical point with an extended S M symmetry can indeed be expected to persist in the general case of M ≥ 3 symmetrically coupled models. In particular, the lattice identification of the M = 3 critical point in Ref. [6] crucially relied on the identification of a one-parameter selfdual manifold, permitting only two possible directions of the initial flow away from the decoupling fixed point. However, it is not a priori obvious what is the dimension of the selfdual manifold in the general case. We shall therefore start out studying the duality transformations for M coupled models, which turn out to give rise to a richer structure with an [M/2]-dimensional selfdual manifold. Nonetheless, from a numerical study of the case M = 4 we end up concluding that the uniqueness of the non-trivial fixed point can be expected to persist, since the decoupling fixed point acts as a saddlepoint of the effective central charge.
Consider then a system of M identical planar lattices, stacked on top of one another. On each lattice site i, and for each layer µ = 1, 2, . . . , M, we define a Potts spin σ (µ l ) i that can be in any of q = 2, 3, . . . distinct states. The layers interact by means of the reduced hamiltonian
where ij denotes the set of lattice edges, and an S M symmetric nearest-neighbour interaction is defined as
The prime on the summation indicates the constraint 1 ≤ µ l ≤ M for all l = 1, 2, . . . , m, and δ(x, y) = 1 if x = y and zero otherwise. For M = 1 the model thus defined reduces to the conventional Potts model, whilst for M = 2 it is identical to the Ashkin-Teller like model considered in Ref. [4] , where the Potts models of either layer are coupled through their local energy density. For M > 2, additional multi-energy interactions between several layers have been added, since such interactions are generated by the duality transformations, as we shall soon see. However, from the point of view of conformal field theory these supplementary interactions are irrelevant in the continuum limit. The case M = 3 was discussed in Ref. [6] .
By means of a generalised Kasteleyn-Fortuin transformation [7] the local Boltzmann weights can be recast as
In analogy with the case of M = 1, the products can now be expanded so as to transform the original Potts model into its associated random cluster model. To this end we note that Eq. (3) can be rewritten in the form
defining the coefficients {b m } M m=0 . The latter can be related to the physical coupling constants {K m } M m=1 by evaluating Eqs. (3) and (4) in the situation where precisely m out of the M distinct Kronecker δ-functions are non-zero. Clearly, in this case Eq. (3) is equal to e Jm , where
for k ≥ 1, and we set J 0 = K 0 = 0. On the other hand, we find from Eq. (4) that this must be equated to After some algebra, the edge weights b k (for k ≥ 0) are then found as
The partition function in the spin representation
can now be transformed into the random cluster representation as follows. First, insert Eq. (4) on the right-hand side of the above equation, and imagine expanding the product over the lattice edges ij . To each term in the resulting sum we associate an edge colouring G of the M-fold replicated lattice, where an edge (ij) in layer m is considered to be coloured (occupied) if the term contains the factor δ(σ
, and empty if it does not. [In this language, the couplings J k correspond to the local energy density summed over all possible permutations of precisely k simultaneously coloured edges.]
The summation over the spin variables {σ} is now trivially performed, yielding a factor of q for each connected component (cluster) in the colouring graph. Keeping track of the prefactors multiplying the δ-functions, using Eq. (4), we conclude that
where C m is the number of clusters in the mth layer, and B m is the number of occurencies in G of a situation where precisely m (0 ≤ m ≤ M) edges placed on top of one another have been simultaneously coloured. It is worth noticing that the random cluster description of the model has the advantage that q only enters as a parameter. By analytic continuation one can thus give meaning to a non-integer number of states. The price to be paid is that the C m are, a priori, non-local quantities.
In terms of the edge variables b m the duality transformation of the partition function is easily worked out. For simplicity we shall assume that the couplings constants {K m } are identical between all nearest-neighbour pairs of spin, the generalisation to an arbitrary inhomogeneous distribution of couplings being trivial. By analogy with the case M = 1, a given colouring configuration G is taken to be dual to a colouring configuratioñ G of the dual lattice obtained by applying the following duality rule: Each coloured edge intersects an uncoloured dual edge, and vice versa. In particular, the demand that the configuration G full with all lattice edges coloured be dual to the configuration G empty with no coloured (dual) edge fixes the constant entering the duality transformation. Indeed, from Eq. (8)
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0 , where F is the number of faces, including the exterior one. We thus seek for a duality transformation of the form q
, where for any configuration G the edge weights must transform so as to keep the same relative weight between G and G full as betweenG and G empty .
An arbitrary colouring configuration G entering Eq. (8) 
the relation with m = 0 being trivial. Selfdual solutions can be found by imposingb m = b m . However, this gives rise to only . In particular, the ordinary Potts model (M = 1) has a unique selfdual point, whilst for M = 2 [4] and M = 3 [6] one has a line of selfdual solutions.
Our main result is constituted by Eqs. (5)- (6) relating the physical coupling constants {K m } to the edge weights {b m }, in conjunction with Eqs. (9)- (10) giving the explicit (self)duality relations in terms of the latter.
Since the interaction energies entering Eq. (3) are invariant under a simultaneous shift of all Potts spins, an alternative way of establishing the duality transformations procedes by Fourier transformation of the energy gaps [8] . This method was used in Refs. [4] and [6] to work out the cases M = 2 and M = 3 respectively. However, as M increases this procedure very quickly becomes quite involved. To better appreciate the facility of the present approach, let us briefly pause to see how the parametrisations of the selfdual lines for M = 2, 3, expressed in terms of the couplings {K m }, can be reproduced in a most expedient manner.
For M = 2, Eq. (10) gives b 2 = q, where from Eqs. (5) and (6) 
in accordance with Ref. [4] . Similarly, for M = 3 one has
as before, and b 3 = e 3K 1 +3K 2 +K 3 − 3e 2K 1 +K 2 + 3e K 1 − 1. This immediately leads to the result given in Ref. [6] :
Returning now to the general case, we notice that the selfdual manifold always contains two special points for which the behaviour of the M coupled models can be related to that of a single Potts model. At the first such point,
one has K 1 = log(1 + √ q) and K m = 0 for m = 2, 3, . . . , M, whence the M models simply decouple. The other point
corresponds to K m = 0 for m = 1, 2, . . . , M − 1 and K M = log(1 + q M/2 ), whence the resulting model is equivalent to a single q M -state Potts model. Evidently, for M = 1 these two special points coincide.
Specialising now to the case of a regular two-dimensional lattice, it is wellknown that at the two special points the model undergoes a phase transition, which is continuous if the effective number of states (q or q M as the case may be) is ≤ 4 [3] . In Ref. [6] the question was raised whether one in general can identify further non-trivial critical theories on the selfdual manifolds. In particular it was argued that for M = 3 there is indeed such a point, supposedly corresponding to a conformal field theory with an extended S 3 symmetry.
To get an indication whether such results can be expected to generalise also to higher values of M, we have numerically computed the effective central charge of M = 4 coupled models along the two-dimensional selfdual surface. We were able to diagonalise the transfer matrix for strips of width L = 4, 6, 8 lattice constants in the equivalent loop model. Technical details of the simulations have been reported in Ref. [6] . Relating the specific free energy f 0 (L) to the leading eigenvalue of the transfer matrix in the standard way, two estimates of the effective central charge, c(4, 6) and c (6, 8) , were then obtained by fitting data for two consecutive strip widths according to [9] 
A contour plot of c (6, 8) , based on a grid of 21 × 21 parameter values for (b 1 , b 2 ), is shown on Fig. 1 [10] . On the figure q = 3, but other values of q in the range 2 < q ≤ 4 lead to similar results. According to Zamolodchikov's c-theorem [11] , a system initially in the vicinity of the decoupled fixed point (b 1 , b 2 ) = ( √ q, q), shown as an asterisk on the figure, will start flowing downhill in this central charge landscape. Fig. 1 very clearly indicates that the decoupled fixed point acts as a saddlepoint, and there are thus only two possibilities for the direction of the initial flow.
The first of these will take the system to the stable fixed point at the origin which trivially corresponds to one selfdual q 4 -state Potts model. For q = 3 this leads to the generation of a finite correlation length, consistent with c eff = 0 in the limit of an infinitely large system. As expected, the flow starts out in the b 2 direction, meaning that it is the energy-energy coupling between layers (K 2 ) rather than the spin-spin coupling within each layer (K 1 ) More interestingly, if the system is started out in the opposite dirrection (i.e., with K 2 slightly positive) it will flow towards a third non-trivial fixed point, for which the edge weights tend to infinity in some definite ratios.
[Exactly what are these ratios is difficult to estimate, given that the asymptotic flow direction exhibits finite-size effects.] Seemingly, at this point the central charge is only slightly lower than at the decoupled fixed point, as predicted by the perturbative renormalisation group [6] . From the numerical data we would estimate the drop in the central charge as roughly ∆c = 0.01 -0.02, in good agreement with the perturbative treatment which predicts ∆c = 0.0168 + O(ε 5 ). All of these facts are in agreement with the conjectures put forward in Ref. [6] , and in particular one would think that this third fixed point corresponds to a conformal field theory with a non-abelian extended S 4 symmetry.
Finally, the numerics for q = 2 (four coupled Ising models) is less conclusive, and we cannot rule out the possibility of a more involved fixed point structure. In particular, a c = 2 theory is not only obtainable by decoupling the four models, but also by a pairwise coupling into two mutually decoupled 4-state Potts (or Ashkin-Teller) models. Indeed, a similar phenomenon has already been observed for the case of three coupled Ising models [6] .
